This study reveals endogenous instability in the financial market based on the dynamic interaction between endogenous investment behavior and debt in a nonlinear framework, by using a nonlinear model predictive control (NMPC) approach. It is found that when the debt ratio is below a critical threshold, increased debt has a positive effect on investment. On the other hand, when the debt ratio is above that threshold, growing financial stress and greater debt become a drag on investment, leading to an economic downturn and an outbreak of financial crisis. The paper provides theoretical support for Minsky's financial instability hypothesis.
Introduction
The traditional Keynesian macroeconomic theory considers the financial sector only as the intermediary for investment and cannot fully explain economic instability induced by a complex financial system [1] . [2] examines the relationship between the financial sector and the real sector and proposes the "financial instability hypothe-sis". However, the multiplier-accelerator model developed by [2] is only a linear model and is not as successful as might be expected in modeling the financial instability hypothesis [3] .
[4] develops a new model for Minsky's financial instability hypothesis. However, his model does not have a micro-foundation to permit consideration of individual optimizing behavior. The groundbreaking study of [5] establishes a financial accelerator model that connects the financial sector and the real sector by using a dynamic stochastic general equilibrium (DSGE) method. Their study reveals that the financial sector has an amplification effect on the level of economic output. However, as emphasized by [6] , a theoretical analysis based on traditional log-linearization techniques is likely to be inadequate due to local instability and a non-linear amplification mechanism, which neither departs from nor reverts to the steady state. Moreover, it does not track debt and investment dynamics.
A vast literature on the relationship between the financial sector and the real sector has emerged since the 2007-09 global economic recession. Much of the recent research emphasizes the role of asset prices and assetvolatility in downward destabilization, such as [7] - [9] and [10] . These studies argue that large changes in assetprice movements trigger an endogenously generated jump in risk. In contrast to the above studies, [6] and [11] focus on movements in risk premia and credit spreads, arguing that triggering of downward instability also depends on the constraints imposed on the growth of capital assets through borrowing and leveraging.
While the financial instability hypothesis puts investment in a core position, the aforementioned studies take investment as an exogenous control variable, which leads to the intractability of investment dynamics. Since investment accounts for a large proportion of national income in China, it is important to track the dynamic evolutionary path of investment. In this paper, to capture the dynamics between investment and debt, we extend the models of [6] and [7] by incorporating investment as one of the state variables. Moreover, a nonlinear model predictive control approach (NMPC) is employed to solve our model and to provide support for Minsky's financial instability hypothesis.
The Model
Our model is mostly related to [6] and [11] . However, in contrast to [6] and [11] , who use consumption and investment as separate decision variables, we only use consumption as the decision variable and investment as one of the state variables, thereby making investment endogenously determined. Our model is defined as follows:
subject to:
where K t is the capital stock, I t the aggregate investment, δ the depreciation rate of capital, r t the real interest rate, r 0 the risk-free rate, B t the economy's aggregate debt (private and public), and Y t the total output. Equation (1) assumes that a social planner chooses the level of consumption C t to maximize inter-temporal utility (see [12] for details). We define the utility function as
Equation (2) describes the changes in the capital stock in the economy. Equation (3) illustrates the evolution of aggregate debt, where ( ) t I ϕ represents the investment adjustment costs (see [11] ). Equation (4) explains the decision-making behavior involving real interest rates. According to [11] and [6] , real interest rates tend to reflect the level of financial stress in the economy, since the rise in leverage by individuals raises the risk premium on lending. Thus, the interest rate should be positively related to the leverage level in the economy. In our model, the lower bound for the interest rate is the risk-free rate, while the upper bound is defined by the arctan function with 0 β > (see [6] for details). Equation (5) describes investment dynamics. According to [3] and [13] , the investment rate is a nonlinear exponential function of the debt and (expected) net profit rate, 
In order to determine the rate of investment, following [3] and [10] , we define ( ) 
Equation (8) indicates the investment ratio in terms of output as being dependent on profits and debt. It allows the rate of investment to be endogenously determined which is consistent with the financial instability hypothesis. The production function is provided in Equation (6) .
The above system is conventionally solved by a dynamic programming (DP) approach. However, DP is subject to the curse of dimensionality since the computation time increases exponentially with the dimension of the state variables. A remedy to this problem is to use the nonlinear model predictive control (NMPC), which is an attractive alternative to the DP approach, because it only computes single (approximate) optimal trajectories and not the optimal value function for all possible initial states ( [15] ). Following [6] and [11] , we assume Figure 1 shows the NMPC solution paths for capital, debt, and investment over time. Figure 2 plots the debtto-capital ratio against capital, with the debt-to-capital ratio on the vertical axis and the capital stock on the horizontal axis, and Figure 3 plots investment against the debt-to-capital ratio, with investment on the vertical axis and the debt-to-capital ratio on the horizontal axis.
As shown in Figure 1 and Figure 2 , the debt rises rapidly over time. Yet, with an increasing risk resulting from increasing leverage, the capital stock and investment stop rising and begins to contract, and the leverage ratio then increases further. Figure 3 further explains a contraction of the investment, which happens when the leverage ratio passes a certain threshold, and additional increases in the real interest rate on debt further elevate the interest payments to an amount larger than the surplus generated to repay such debt. The economy and the investment level are initially debt-led when the debt ratio and the corresponding credit cost are low, but are likely to be dynamically unstable and debt-burdened once the leverage ratio passes the threshold. This is because the increasing leveraging risk premia and falling (or negative) capital gains would lead to unsustainable debt repayments. These findings support Minsky's financial instability hypothesis.
Conclusion
Endogenously unstable financial markets have attracted much attention since the outbreak of the global financial crisis in 2007. To better model the dynamic mechanism of the financial instability hypothesis initially put forth by [2] , we have developed a theoretical model describing the dynamics of the financial instability when the economy is being exposed to shocks in credit spread. In particular, our model incorporates investment as one of endogenous constraints. By using a nonlinear model predictive control approach, we have examined how financial instability is created endogenously. The model established in this paper can be used to capture the core of the financial instability hypothesis and demonstrate financial endogenous instability. Our theoretical model implies that unfavorable credit spreads and high leverage ratios play an important role for the recession of the investment and financial instability. In the presence of large credit spreads and high leveraging, increasing leveraging can induce instabilities and the meltdown of investment. In terms of policy implications, our results strongly suggest that excessive leverage is one of the important reasons leading to declining investment at present in China, and so deleveraging can be currently a wise strategy in China. For future research, one may conduct empirical test to verify the theory developed in this paper.
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